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Abstract 
We mainly concerned with a decoupled fractional Laplacian wave equation in this paper. A 
new time-space domain radial basis function (RBF) collocation method is introduced to solve 
the fractional wave equation, which describes seismic wave propagation in attenuation media. 
The directional fractional Laplacian is adopted to cope with the fractional Laplacian of RBFs. 
In order to increase the computational efficiency, we introduced the quasi-uniform nodes 
configuration scheme, which is suitable for mesh-free discretization of wave equations. The 
comparison between the new method and the commonly-used pseudo-spectral method are 
implemented on square homogeneous models with different model size. The CPU time and 
relative errors of different methods show that the quasi-uniform configuration scheme 
provides better performance and the calculation efficiency advantage is significantly 
prominent as the computation domain increases. The relative errors indicate that the RBF 
collocation method with quasi-uniform configuration could improve the computational 
efficiency effectively and provide satisfactory accuracy. This advantage was especially 
highlighted in complex models, where the new approach achieved the same accuracy with 
only a half number of points. The implementation on the 2D complex model further 
demonstrated the accuracy, efficiency, and flexibility of the proposed new method. 
Keyword: radial basis function; quasi-uniform configuration; fractional Laplacian; numerical 
modelling. 
 
 
 
 1.  Introduction 
Fractional differential equations are widely used to describe the propagation of seismic waves 
in viscoelastic media [1-4]. The fractional derivative constitutive model can not only describe 
the nonlinear long-term effect of deformation recovery of viscoelastic materials well, but also 
describe its unique stress relaxation and creep phenomena [5]. Among numerous numerical 
methods for solving the fractional derivative equations, there are two main types of 
mesh-based local approximation methods, such as the finite-difference method (FDM) and 
spectral-element method (SEM). However, for the FDM, the local approximation scheme 
loses the merit of the sparse resultant owing to the non-local property of the space-fractional 
derivative. Moreover, the requirement of the regular grids lacks the geometric flexibility to 
adjust to nonplanar surface and interfaces. The SEM is a high order finite-element (FE) 
technique that combines the geometric flexibility of the FE with the high accuracy of the 
spectral method [6, 7]. Although the FE method can handle curved boundaries and arbitrarily 
shaped anomalies directly by using irregular grids [8], the irregular grids require a complex 
meshing process as well as more memory and computational cost than the standard FDMs. 
Currently, increasing literatures focus on radial-basis-function (RBF) based approximation 
methods [9-12] to realize mesh-free discretization. Without lattice mapping or complex 
meshing process, the mesh-free methods form the mesh elements by scattered nodes, which 
are originally adopted in the weak-form schemes [13-15]. Recently, the so-called RBF-FD 
method [16, 17], which combines RBF with the finite difference, has been proved to be the 
ideal method to obtain local derivative approximation with a high accuracy. The RBF-FD 
method extended to solve elastic wave equations and is developed further to provide 
third-order accuracy not only for the smooth regions, but also for reflections and 
transmissions at arbitrarily curved material interfaces [18, 19]. An alternative approach based 
on minimizing the absolute error of the dispersion relation by least-squares (LS) optimization 
is proposed for 2D acoustic-wave modelling [20]. However, the computational cost of solving 
a stable matrix by LS cannot be ignored. Besides, the above-mentioned methods only solve 
 the wave equation with integer spatial differential, rather than the fractional spatial Laplacian 
wave equation. 
For the fractional partial derivative equations (PDEs), the mesh-free methods belonging to 
global scheme, have certain advantages in the numerical simulation by virtue of their high 
accuracy and smaller size of the resultant matrix equation [21]. The mesh-free nodal 
distribution is model adaptive with respect to irregular structures and model parameters which 
is achieved by placing scattered computational nodes [20]. Although the mesh-free 
discretization scheme avoids the burden of grid generation for the irregular interface, these 
global schemes are still computationally expensive as compared with the local FDMs. 
Therefore, the variable density quasi-uniform node layout scheme was introduced to the 
modelling algorithm [22] in this paper. For the same size of the calculation domain, the 
quasi-uniform nodes layout scheme can decrease the number of calculation points efficiently 
as comparing to the regular rectangular grid. 
The time domain fractional Laplacian visco-acoustic wave equation [23] has been provided  
for modelling the attenuation effect. Therein, the fractional Laplacians are evaluated in the 
frequency-space domain using a Fourier pseudo-spectral implementation. Laterly, two 
FFT-based modelling schemes are proposed for the solution of fractional Laplacian 
visco-acoustic equation [24]. The first scheme adopts the weighted sum of two constant-order 
fractional Laplacian to approximate the spatial variable-order fractional Laplacian and the 
second scheme introduces the low-rank decomposition [25] to approximate the mixed-domain 
propagator. However, those modelling schemes are both based on the Fourier transform. The 
FFT-based methods require the global nodes to perform the Fourier transforms at every time 
step, which costs a heavy computational burden, especially in the 3D modelling. Furthermore, 
the Gibbs phenomenon of Fourier transform results in the difficulties to handle the artificial 
boundary. By contrast, the RBF collocation method solves the fractional wave equation in the 
time-space domain and can easily handle the discretization of high-dimensional and irregular 
computational domain, since the discretization only depends only on the node-to-node 
distance. 
 This paper is organized as follows. Starting from Zhu’s decoupled fractional Laplacian wave 
equation with constant-Q  [23], we derive the semi-discretization scheme in the time-space 
domain by determining the coefficients of nodes with RBF approximation. After accuracy and 
efficiency analysis of our proposed algorithm, some numerical modelling examples are 
provided to demonstrate the flexibility of the new method. Finally, a conclusion is given in 
the ending. 
2. Methodology 
2.1 Governing wave equation 
The near constant- Q  (NCQ) decoupled visco-acoustic wave equation [26] based on 
fractional Laplacian is expressed by 
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where the concentration ( , , )u x y t  is the wavefield variable and 0 cos( 2)c c   is the wave 
velocity depending on the phase velocity 
0c  at a reference frequency 0 . Accordingly, 
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              , the reference frequency is defined by 0 0 / (2 )f    
and 2  represents the Laplacian operator. The first Laplacian item of the right-hand side 
affects the seismic wave phase, and the second item affects the amplitude attenuation. The 
parameter arctan(1 )Q   is dimensionless, and Q  describes loss mechanisms. It is notable 
that 0 0.5   for any positive value of the quality factor Q  (as shown in Fig. 1). 
2.2 Review of RBF collocation method 
Initially, the RBF collocation method was used to reconstruct hypersurfaces of multivariate 
functions [27]. Therein, the stress field ( , , )u x y t  is approximated by the weighted sum of 
RBFs ( )r  
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 where {( , )}j jx y  is a group of source points located in the computational domain, M  and 
N  are numbers of points on the calculate domain and boundary, respectively. The RBF ( )  
only depends on the distance (or the relative location) between the collocation point ( , )i ix y  
and the source points ( , )j jx y , namely ijr . Therefore the collocation of source points are not 
constrained by any mesh or element. ( )j t  are the time-dependent expansion coefficients to 
be evaluated. 
Substitute the RBF approximation equations (2.2a) and (2.2b) into equation (2.1). Applying 
the Dirichlet boundary condition ( , ) 0, , [0, ]u t t T  x x  to the homogeneous medium 
simulation and using the FD scheme for the temporal discretization, we can derive a set of 
semi-discretization equations  
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The superscript of n
j  indicates the RBF expansion coefficient for the -thj  node at 
( 1)n t  , where t  is the time step and 
ij  is defined by ( )ijr . 
2( ) ij
  represents 
2[( ) ]( , )i ix y
 , where   can be 1   or 1 2  . The first M  equations in (2.3a) 
correspond to the approximation of the governing equation and the last N  equations 
approximate the Dirichlet boundary condition. An initial wavefield ( , ,( 1) )ni i if f x y n t    is 
adopted for the external force term. 
Rearranging the above approximating scheme, we have the matrix form  
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Where 2,3,..., ,n L  T L t  .
dΦ  is a matrix formed by the RBFs with domain-type 
collocation points and all the source points, i.e. [ ]ij  with 1,2, , ;i M  1,2, ,j M N   
Similarly, 
bΦ  is given by [ ]ij  with 1, 2, , ;i M M M N     1,2, ,j M N  . C is 
 M M  diagonal matrix with the velocities at domain-type collocation points as the diagonal 
elements, namely [ ]ic  with 1,2, , .i M  Corresponding to the -thn time layer, [ ]
n n
jλ  
and [ ]n niff  are ( )-M N  and -M  dimensional column vectors, respectively. 1 Φ  and 
1/2 Φ  are the ( )M M N   matrices formed by the fractional derivatives of RBFs. The first 
expansion coefficient vector 1λ  is obtained by solving the RBF interpolation problem 
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where 
0 0 ( , )i iu u x y  represents the initial wavefield with 1,2, , .i M +N  The second 
expansion coefficient vector 2λ  is assumed as coincides with the first one. Through the 
iteration of the RBF expansion coefficients nλ  in (4) starting from 1 2,λ λ , we can derive the 
coefficients for any given time ( 1)nt n t   . 
2.3 Fractional Laplacian of RBF 
The fractional Laplacian and the fractional derivative are two related while different 
mathematical concepts. Both of them are defined through a singular convolution integral. The 
former is a positive definition via the Riesz potential as the standard Laplace operator, while 
the latter via the Riemann-Liouville integral is not [28, 29]. Note that the fractional Laplacian 
cannot be interpreted by the fractional derivative and the later in the sense of either 
Riemann-Liouville or Caputo. Both the fractional Laplacian and the fractional derivative have 
wide applications in many complicated engineering problems. However, the standard 
definition of the fractional Laplacian leads to a hyper-singular convolution integral and is also 
obscure about how to implement the boundary conditions. In this paper, we adopt the 
directional definition [30, 31] to approximate the fractional Laplacian of RBFs, which can be 
characterized by  
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The fractional directional derivative is given by  
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where   is the gradient operator and the fractional directional integral ( )I    is defined as 
follows 
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where ( )   is the Euler Gamma function. The directional definition is equivalent to the Riesz 
one and it is easy to approximate by using RBF collocation method. In 2D cases, we adopt the 
vector Grünwald scheme [32] to the directional definition  
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The symbol [ ]  means the closest integer to the fraction  . ( , , , )i id x y    is the distance 
from the collocation point ( , )i ix y  to the boundary of computing domain along the direction 
(cos ,sin )   (shown in Fig. 2), evaluating the integration of the above directional derivative 
with respect to  . The integral can be accurately approximated by using trapezoidal rule 
since ( )D  is periodic for  . Thus, we have the quadrature formula  
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where 1tN   denotes the used trapezoidal quadrature points are used. Letting the fractional 
order   be 1   and 1/ 2  , the index i  goes from 1 to M  and the index j  goes 
from 1 to M N , we can compute all the elements of matrices 
1 Φ  and 1/2 Φ finally. 
As for the choice of RBF  , Table 1 shows various types of RBFs. Among various 
interpolation schemes, Multiquadric (MQ) and Thin plate spline (TPS) interpolations perform 
best [33]. In this paper, the MQ interpolation is used to interpolate the wavefield.  
 2.4 Variable density nodes layout scheme 
Considering the globality of the fractional Laplacian, we use a variable density node layouts 
scheme [22] to improve numerical calculating efficiency. This advancing front type algorithm 
is suitable for mesh-free discretization of PDEs. This scheme starts by randomly scattering 
‘potential dot locations’(PDPs) relatively and densely along bottom edge of rectangle and 
then proceeds by the following steps: 
 
The MATLAB code of the algorithm above can be found in the Appendix, proposed by 
Fornberg and Flyer [22]. Note that the radius above is RBG Parade-based computing. When it 
applied to the velocity model, the RGB Parade need to be converted to the velocity value. Fig. 
3 shows the algorithm which applied in a 2D homogenous media, and the two different node 
configuration in a 2D homogeneous media is with size 0.5 0.5km km . The square uniform 
nodes distribution scheme is with 10dx dz m  , and it contains 2601 nodes and the 
quasi-uniform scheme contains 2080 nodes. In the quasi-uniform scheme，the basis node 
radius bsr  is set depending on the velocity value of node location. When 2000v m s , the 
basis node radius 10bsr  . 
3. Accuracy and efficiency analysis 
Repeat until lowest PDP is above the top edge of the domain 
1. Find the lowest PDP and select it as a new dot location. 
2. Mark out a circle centered at the new dot and with a radius matching the desired node 
separation distance at this location. 
3. Keep the new dot, and remove all other PDPs within this circle. 
4. Note the directions to the nearest remaining PDP on each side. On the circle periphery,  
place five new PDP equally spaced in angle within this sector. 
End repeat 
 
 We analyze the waveform error curves and CPU lapsed time of different methods to 
demonstrate the accuracy and efficiency of the new method. For simplicity, the 2D 
homogeneous model is shown to perform the analysis. 
The velocity of the 2D homogeneous model is 2000m s , with model size 1 1km km . For 
the uniform grids, the grid spacing is set 10m  to discretize the model. The source wavelet is 
a Ricker wavelet with a dominant frequency of 10Hz. We simulate the wave propagation 
using the RBF methods with the uniform grid (UG) and quasi-uniform grids (QUG) 
discretization, respectively. The result obtained by using the FFT-based pseudo-spectral 
method is considered as the reference solution. Fig. 4 shows some snapshots at 100ms  and 
200ms , computed using different methods. Fig. 5 compares the waveform of trace at 
compares the waveform of trace at 0.5x km . For the quasi-uniform nodes layout scheme, 
we interpolate the trace using Spline interpolation method at 0.5x km . Fig. 6 provides a 
zoomed-in version of Fig.5 at 0.16 0.26km  and 0.8 0.9km . It appears that the 
waveform computed by RBF-QUG and RBF-UG almost coincides with the reference 
solutions. 
To test the efficiency of RBF collocation method with quasi-uniform nodes layout scheme, 
we compare the calculation behavior of the two different node configuration schemes by 
using a homogeneous model. The space interval of the uniform grid is 10dx dz m  , and 
the radius of quasi-uniform nodes is set as 1 2  times to 15bsr m . Using different sizes 
models, we investigate the computational times and relative error which computed by 
RBF ref ref     , where RBF  is result computed by the RBF collocation methods and 
ref  is the solution by the pseudo-spectral method. The computations are all performed on 
the same computer (Dell with Intel(R) Xeon(R) CPU E5-2698, 2,20GHz, and 192 GB 
memory) using Matlab. Table 2 presents the CPU times and relative errors of RBF collocation 
method with two different node configuration schemes. Table 2 notes that the quasi-uniform 
 configuration scheme provides better discrete performance and higher accuracy while the 
calculation efficiency is significantly improved as the computation domain increases.  
According to equation (1), the decoupled fractional Laplacian wave equation describes very 
nearly constant- Q  attenuation and dispersion effects. We design a different Q  model to 
verify the flexibility of the proposed method. The velocity model is homogeneous as used in 
Fig. (3) and the source is located at the center of the model. Fig. 7 shows the snapshots at 
200ms  in the NCQ wave equation with Q = 100, 30, 10 and 4. Three subpanels from left to 
right computed by RBF collocation method based on the quasi-uniform node distribution, 
RBF collocation method based on the uniform node distribution, and pseudo-spectral method, 
respectively. We can see decreased amplitude and delayed phase with decreasing Q  values. 
4. Numerical examples 
In the following section, we compare the proposed RBF collocation method with two 
different nodes layout schemes, and FFT based pseudo-spectral method to verify that the new 
method can improve the numerical accuracy under the sparse grids. First, we choose the 
partial Hess model and discrete it with different radius. The simulation results by different 
methods under different node layouts schemes verify the validity of the proposed method. 
Then, the applications to the 2D modified Marmousi model demonstrate the validity of the 
new method when compared to the pseudo-spectral method. For the 2D heterogeneous 
medium simulation, the exponential absorption boundary condition is used to attenuate the 
boundary reflections. 
4.1 Partial SEG Hess Model 
In this section, we perform the numerical simulations with the new method and the FFT based 
pseudo-spectral method on part of 2D SEG Hess model (Fig. 8a). Here, the 2D medium is 
extracted from the SEG Hess model. The model size is 3 9km km . For the quasi-uniform 
scheme, we set three increasing radii to discrete the medium. And then we apply the 
pseudo-spectral method with the square grids, which have grid spacing to the quasi-uniform 
scheme approximately. The grids spacing of quasi-uniform layout is variable according to the 
 velocity, so we chose an approximate value to verify the simulation results. Here the grid 
spacing is set as 7.5m  and 30m for the pseudo-spectral method which is used for 
comparison with the RBF collocation method under the approximate radius. 
Fig. 8b-8d present the quasi-uniform node layouts with increasing grid spacing. The grid 
spacing in Fig. 8b is 5 10bsr m and the grids spacing in Fig. 8c and 8d are double and 
triple to bsr . The total numbers of nodes in Fig. 8b-8d are 117412, 29494 and 13051 
respectively. The total number of nodes in the regular grid discretization is 480000 with the 
grid spacing 7.5m . When the grid spacing increases to 30m , the total number of nodes 
decreases to 9000. The quality factor Q  is set as 100.  
Fig. 9 displays some snapshots at 400 ,ms  600 ,ms  and 800ms . The Ricker wavelet 
source with dominant frequency of 16Hz is located at (4500, 3000). The temporal sample rate 
is 3ms . Fig. 9a shows the reference solution, which is obtained by the pseudo-spectral 
method and the grid spacing of 7.5m . Fig. 9b-9f show the snapshots calculated by RBF 
collocation method with regular square grids 7.5dx dz m  , RBF collocation method with 
quasi-uniform nodes layout 5 10bsr m , RBF collocation method with quasi-uniform 
nodes layout 2 bsr r , RBF collocation method with quasi-uniform nodes layout where 
3 bsr r , and FFT based pseudo-spectral method with sparse grid spacing where 
30dx dz m  ,respectively. The results of the pseudo-spectral method with large grid 
spacing (Fig. 9f) suffer from serious spatial dispersion while the RBF collocation method 
with 3 bsr r  yields better results. The different traces are shown in Fig. 10, Fig. 10a and 
10c display the traces extracted from Fig. 9 at 400ms . Fig. 10b and 10d show the difference 
of the various methods with reference result, which notes that our method outperforms the 
FFT based pseudo-spectral method with sparse grid spacing in accuracy. Meanwhile, the 
residuals show that the RBF collocation method with 2 bsr r can produce outstanding results 
of which need 1/16 nodes as the regular square grids of reference method. 
4.2 The 2D modified Marmousi model 
 The last test is for the 2D modified marmousi model (Fig. 11a). The grid size is 280 680  
and the square grid is adopted for the pseudo-spectral method with the spatial interval 7.5m. 
The other relative parameters are displayed in the figure caption. Fig. 11b shows the 
non-uniform nodal distribution, and the node spacing ranges from 10 to 20m. The total 
number of nodes in Fig. 11b is 108446. 
Fig. 12 displays the snapshots at 1s  and 2s  computed by RBF collocation method with 
quasi-uniform distribution and pseudo-spectral method based on the uniform node 
distribution. The time step is 2ms . The Ricker wavelet source with 16Hz dominant 
frequency is used and receivers are located on (0,2500) . Fig. 12a and 12b are obtained by 
the RBF collocation method while 12c and 12d are calculated by the FFT based 
pseudo-spectral method. Then, we compare these seismograms and their waveforms (as 
shown in Fig. 13). Fig. 13a and 13b show the seismic records acquired at the surface, the 
methods of these two records are corresponding to RBF collocation method and 
pseudo-spectral method. The magnified portion of seismograms are shown in Fig. 13c, where 
the red filled waveforms present the RBF collocation method and the black filled waveforms 
present the pseudo-spectral method. Fig. 13d and 13e show the comparison of waveform 
extracted from Fig. 13a and 13b (marked as the white line), and these details comparisonss 
indicate that the RBF collocation method is superior to the FFT based pseudo-spectral method. 
With the same accuracy requirements, the new method can save more computational 
resources. 
5. Conclusions 
We have developed a new time-space domain mesh-free solution for the fractional Laplacian 
visco-acoustic wave equation with constant quality factor Q  based on the radial basis 
function collocation method. The approximation of fractional Laplacian is determined by the 
directional derivative definition. Furthermore, we introduced the quasi-uniform node 
configuration scheme which significantly reduces the number of computational points. 
Numerical results based on the homogeneous/heterogeneous mediums verified that this 
 scheme could increase computational efficiency effectively, especially when handling the 
complex models. The FFT based pseudo-spectral method with small grid spacing was used as 
reference solution to validate the accuracy of the proposed method. The results indicated that 
the RBF collocation method based on the quasi-uniform nodes layout obtains a higher 
precision than the pseudo-spectral method while using less computational points. Then, the 
numerical model in the 2D partial SEG Hess model and modified Marmousi model 
demonstrates the accuracy and efficiency of the new method. For the further research, the 
variable fractional-order need to be taken into account, because the quality factor of the real 
media is generally spatially dependent. 
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Fig. 3. Two different node configuration methods for same size area ( 0.5 0.5km km ), 
the left one represents the uniform distribution scheme, it contains 2601 dots, and the 
right one represents the quasi-uniformly scheme, it contains 2080 dots. It appears that 
the quasi-uniformly scheme requires fewer points than the uniform configuration 
scheme. More importantly, this advantage will be more apparent with the increase of 
the computational domain. 
 
Fig. 4. Snapshots shown by ‘stem’ function in Matlab. They were calculated in 
homogenous medium by two different node configuration schemes shown in Fig. 3. 
The left column shows the snapshots at 100ms and the right ones denote the results at 
200ms. (a) and (b) computed by the RBF collocation method with quasi-uniformly 
node layout scheme, (c) and (d) computed by the RBF collocation method with square 
uniform node layout scheme. (e) and (f) computed by the pseudo-spectral method 
with square uniform node layout scheme. 
 
 Fig. 5. Trace comparision at 0.5x km  in Fig. 4, (a) and (c) compare the waveforms 
that computed by RBF with uniform grids and pseudo-spectral method. (b) and (d) 
compare the waveforms that computed by RBF with quasi-uniform grids and 
pseudo-spectral method.  
 
Fig. 6. The zoomed-in version of waveform Numerical solutions for three different 
node configuration schemes. 
 
Fig. 7. Four wavefield parts corresponding to four Q  values: (a) 100, (b) 30, (c) 10 
and (d) 4. The three subfigures from left to right computed by pseudo-spectral method, 
RBF collocation method based on the uniform node distribution and RBF collocation 
method based on the quasi-uniform node distribution, respectively. The snapshots are 
recorded at 200ms in homogeneous attenuating media. 
 
Fig. 8. Complex model (a) and its quasi-uniform node configuration (b). (c), (d) and 
(e) show the snapshots at 400ms,600ms, and 800ms. The black arrows indicate the 
high-velocity layer and its reflection, the appearance of the high-velocity layer 
reflected wave also proves the accuracy. 
 
Fig. 9. The 2D partial SEG Hess model snapshots at 400ms (a1-f1), 600ms (a2-f2), 
800ms (a3-f3). (a) The reference snapshots. (b) Snapshots computed by RBF collocation 
method with regular square uniform grids layout where 7.5dx dz m  . (c) Snapshots 
computed by RBF collocation method with quasi-uniform grids layout where 
5 10bsr r m  . (d) Snapshots computed by RBF collocation method with quasi-uniform 
grids layout where 2 bsr r .(e) Snapshots computed by RBF collocation method with 
 quasi-uniform grids layout where 3 bsr r .(f) Snapshots computed by pseudo-spectral 
method with regular square uniform grids layout where 30dx dz m  . 
Fig. 10. Waveforms comparison among differenct methods for 2D partial SEG Hess model. 
(a) and (c) display the waveforms extracted from Fig. 9 at 400ms , 10b and 10d show 
the difference of the various methods with reference result. 
 
Fig. 11. The 2D Marmousi model and its quasi-uniform mesh-free nodal distribution. (a) The 
velocity model. (b) The quasi-uniform nodal distribution obtained by the fast-generation 
algorithm.[22] 
 
Fig. 12. The 2D modified Marmousi snapshots at 1s  and 2s , (a, b) computed by RBF 
collocation method with quasi-uniform nodes distribution where 10 20r m  and (c, d) 
computed by pseudo-spectral method with regular square uniform nodes distribution where 
7.5dx dz m  . 
 
Fig. 13. (a-b) Seismograms from Fig. 10. (a) RBF method based on the quasi-uniform 
distribution of nodes and (b) pseudo-spectral method based on the uniform distribution of 
nodes. The subfigures (c) and (d) indicate the waveform comparison among different methods 
extracted from the (a) and (b) (white line indication). (c) Extracted from the left line and (d) 
extracted from the right line. (e) Local magnification of the white box in the seismograms (a,b) 
to highlight the local refraction waveforms. The red lines indicate the RBF method and the 
black lines indicate the pseudo-spectral method. 
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Fig. 7. Four wavefield parts corresponding to four Q  values: 100, 30, 10 and 4. The 
three subfigures from left to right computed by (a) pseudo-spectral method, (b) RBF 
collocation method based on the uniform node distribution and (c) RBF collocation 
method based on the quasi-uniform node distribution, respectively. The snapshots are 
recorded at 200ms in homogeneous attenuating media. 
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 Fig. 8. Complex model (a) and its quasi-uniform node configuration. (b), (c), (d) are 
discretizations with increasing radii. The total numbers of nodes are 117412, 29494 
and 13051 respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
  
 
 
 
 
  
 
 
 
 Fig. 9. The 2D partial SEG Hess model snapshots at 400ms (a1-f1), 600ms (a2-f2), 
800ms (a3-f3). (a) The reference snapshots. (b) Snapshots computed by RBF collocation 
method with regular square uniform grids layout where 7.5dx dz m  . (c) Snapshots 
computed by RBF collocation method with quasi-uniform grids layout where 
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Fig. 10. Waveforms comparison among differenct methods for 2D partial SEG Hess model. 
(a) and (c) display the waveforms extracted from Fig. 9 at 400ms , (c) and (d) show 
the difference of the various methods with reference result. 
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velocity model. (b) The quasi-uniform nodal distribution obtained by the fast-generation 
algorithm.[22] 
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Fig. 12. The 2D modified Marmousi snapshots at 1s  and 2s , (a) and (b) computed by RBF 
collocation method with quasi-uniform nodes distribution where 10 20r m  while (c) 
and (d) computed by pseudo-spectral method with regular square uniform nodes distribution 
where 7.5dx dz m  . 
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Fig. 13. (a-b) Seismograms from Fig. 10. (a) RBF method based on the quasi-uniform 
distribution of nodes and (b) pseudo-spectral method based on the uniform distribution of 
nodes. The subfigures (c) and (d) indicate the waveform comparison among different methods 
extracted from the (a) and (b) (white line indication). (c) Extracted from the left line and (d) 
extracted from the right line. (e) Local magnification of the white box in the seismograms (a,b) 
to highlight the local refraction waveforms. The red lines indicate the RBF method and the 
black lines indicate the pseudo-spectral method. 
 
 
 
 
 
 
 
 
 
 
 Table 1. 
Commonly used types of radial basis functions (writing
ir  x x ). 
Types RBF 
Gaussian 
2( )( ) e rr    
Multiquadric 2(r)= 1+( r)   
Inverse quadratic 
1
2
(r)=
1+( r)


 
Inverse multiquadric 
1
2
(r)=
1+( r)


 
Polyharmonic spline 
( ) , 1,3,5,...
( ) ln( ), 2,4,6,...
k
k
r r k
r r r k


 
 
 
Thin plate spline ln2(r)= r (r)  
  
Table 2.  
Comparison of calculation behavior between two different node configuration 
schemes. 
 Quasi-uniformly configuration scheme Uniformly configuration scheme 
Domain Size 
(km) 
Grids number CPU time  
(ms) 
Relative error 
(
3
10

 ) 
Grids number CPU time 
(ms) 
Relative error 
(
310 ) 
0.5 0.5  2080 6249.112 3.586 2601 6692.331 3.692 
1.5 1.5  13527 13862.265 0.652 22801 20043.521 0.691 
2.5 2.5   30921 19921.591 0.429 63001 33691.207 0.477 
5.0 5.0   11482 32547.911 0.304 251001 63132.113 0.389 
 
